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The ar t ic le  es tabl ishes  the l imits  of applicability of the model of incompress ib le  liquid for  
ealcula:ting water  hammer .  The time of closing the valve is determined at which periodic 
osci l la t ions  do not ar ise .  

To evaluate the effect of the compress ib i l i ty  of a liquid on the magnitude of water  hammer ,  we use the 
l inear ized equations of motion of a viscous,  slightly compress ib le  liquid in pipes [1] 
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In determining 2a, we average  over  the length of the pipe l and t ime t. 

With x = 0 we will consider  p r e s s u r e  to be constant,  and the speed in the section x = I in closing the 
vMve 'to be l inear ly  dependent on time. Then the initial and boundary conditions for  the per turbat ion of p r e s -  
sure and speed may be represen ted  in the form:  for  

t < 0  p(x, 0) = ~(x, 0) = 0, (2) 

x = O  p = O ,  

for 

x =  l w =  wo--~- , O ~ t ~ T ,  

wo, T ~ t < co. 

(3) 

If we use the method explained in [2], we find t l~t  the solution of the stated problem in Laplace t r ans -  
fo rms  has the form 

where 

P (x, s) = pC2Wo 1 - -  exp (-- sT) ~, sh ~x (4) 
T s a ch ~l ' 

V (x,  s) = ~o  
exp(--sT).--1 ch~x 

T s ~ ch )~l ' 

i s V 2o P(x, s ) =  p(x, l)exp(--st)dl; V(x, s )= w(x, t)exp(--st)dt;  )~=--[-  1 + - - .  
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In a c c o r d a n c e  with the ru le  of  inver t ing  Lap lace  t r a n s f o r m  

p (x, l) -- pc2w~ 1 v+i= )~ sh )~x 
T 2hi S [1 - -  exp (--  sT)] - -  exp (st)ds, (5) 

~_~| s 3 c h  ~ l  

w(x, t) Wo 1 v+i| ch~x - - -  exp (st) ds. (6) T 2rd i [exp(--sT)--l] s2chM 

Let  us examine  the  in t eg ra l  

Av - 1 v~,~ ~shZX exp(st)ds. (7) 
2~i ~-i| sSchM 

The  in t eg rand  in (7) has  obv ious ly  a pole  of  second  o r d e r  s = 0 and s imple  po les  s n c o r r e s p o n d i n g  to the  r o o t s  
of  the equat ion  

chXl=cosiM=O. (8) 

Since the  r o o t s  of  Eq.(8) a r e  equal to 

V )~,~ s,~ 1 + 2a 2 n -  1 
- -  - -  - - ,  n =  1, 2 ,  3 ,  . . .  

c sn 2i l ' 

we have 

sn=--a- t - i '%'  ~n= V ( 2 n - - 1 - -  ' 2 no) 2 - a 2 " I  (9) 

In examin ing  r e l a t i o n  (9), two c a s e s  a r e  poss ib le :  

a) 7rc/2l > a ,  i . e . ,  all 7n a r e  r ea l  n u m b e r s ;  

b) 7rc/2l  ( 2 N - l )  < a ,  Ire/2l ( 2 N + l )  > a ,  t h e n T  n f o r n  = 1 ,  2 . . . . .  N a r e  i m a g i n a r y ,  and f o r n = N  + 1 ,  
N + 2, . . .  t hey  a r e  r e a l  n u m b e r s .  

Bo th  in case  a) and in case  b) all  r o o t s  of  (9) a r e  i n t h e  left  half  p lane ,  i .e . ,  Re s n < 0, and in (7) we m a y  
take  7 = 0. 

To c lose  the  i n t eg ra t i on  con tour  in (7), we will  examine  the  sequence  of  a r c s  with r ad iu s  R n + (Trc//)n, 
n = 1, 2, 3 . . . .  wi th  the  c e n t e r  at the o r ig in  of  coord ina te s ,  lying to the left  of  the i m a g i n a r y  axis .  Since Is~ = 
7rc/l (n - 1 /2) ,  not  one of the  po les  l i es  on the  a r c s  with r ad iu s  R n. It  can a l so  be shown [2] tha t  on the m e n -  
t ioned  a r c s  

liml ~'~sh~r~x I = O ' s  
n ~  sn ch ~nl 

Then ,  in a c c o r d a n c e  with J o r d a n ' s  [ e m m a  [3] f o r  t > 0 

Ap= ~ )~ sh Xx exp (st) ds = Res s~cch) 5 exp 
2~i . s ach~.l n=o s=sn 

F 

(i0) 

w h e r e  the  c losed  con tour  ~ i s  f o r m e d  by the i m a g i n a r y  ax is  and the a r c  R n with n - *  ~. 

If  we ca lcu la te  the  r e s i d u e s  in (10), we obtain  a f t e r  the r e s p e c t i v e  t r a n s f o r m a t i o n s :  

x I 2 a2x I a212~, 3213exp(--at) 1 ~ _ ( = 1 ) ~  [ a (aZ_}_3~)sh~t~(3aZ+~)ctl~t]X (11) 
A~= -~- l + 2at + 3 c- T - 2 c~ / zOc ~ (2n- - I ]  ~[ {,~ 

j n - - I  

• 2n - -  1 z~x + ' ~  - ( - -  1)~-n- [ a--a--- (a z - -  3V,~)sin%t + (3a 2 -  ~])eos%tl sin -2-n-- 1 ~x } 
2l z..a (2n--1)~ [ % 2l ' 

n ~ N +  1 

w h e r e  ~n = iTn- 
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With the aid of cons idera t ions  s imi la r  to the ones p re sen ted  above, we find that 

A~= 2~il @ _s 2chkxch-)~l exp(st)ds -- ~ R e s [  ch;~x--s z ch ~l exp (st) ]~=s = 
F n = 0  

axZ at2 1 6 ! Z e x p ( - - a t ) [ ~  (--1)n ( a Z + ~ ]  s h ~ t +  (12) 
= t + c 2 c2- ~3ca ( 2 n - -1 )  3 ~n--  

�9 t 2 ~ l  

) cos 2n --  1 Z =  (-- aZ 2 _  7, ] r~x+ 1)~ ( siny,d +2acosy . t )  cos--2n--1 ~x . + 2achGt  
n : N + l  

Now, in accordance wi'th (5), (6), and the t rans la t ion  p rope r ty  in the operat ive  calculus of [4] we obtain 
the solution of the stated problem in the form 

9c2wo p(x, t ) -  lAp(x, t ) - -Ap(x ,  t -  T)], (13) 
T 

w (x, t) w~ [A~ (x, t) - -  A,~ (x, t - -  T)], (14) 
T 

where 

Ap(x , z )={  0 , < 0 ,  Aw(x,~)={ 0 z < 0 ,  (15) 
Ap(x, "0 "~>0, Aw(x, "~) z > 0 .  

F o r  an incompress ib le  liquid (e = oo) it follows f rom (1), (2), and (3) that  

t 
_ _ _  O G I ~ T  , 

w.(x,  t) = w~ T (16) 

- - w  o T ~ t <  co, 

p.(x,  t ) =  { r T (17) 

t 2aWo x T < t < co. 

Since express ions  (11) and (12) a re  fa i r ly  cumbe r some ,  we neglect  the viscosi ty  in evaluating the effect 
of compress ib i l i ty ,  i .e . ,  we put a = 0. Then, with x = l ,  

l 8l @~ 1 2 n - -  1 
Ap (l, t) c z ~2c~ 2 d  ,t2n--1) z cos 31Ct, (18) 

2 ~  

with x = 0 

Aw (O, t) = t + 8---LC 
~2C 

(--  1)" sin 2n- -1  
(2n --  1) 2 2/ 

n ~ l  

- -  ~ c t .  

form:  

The sums  of the t r i gonomet r i c  s e r i e s  in (18) a re  equal to [5] 

- -  c o s  - -  ~ c t  = - -  1 - -  - - 2  ~ -[-- <~ 2 ,  
.=t (2n--l)  z 2l 8 

~z ct ct 

X (--1)~ 2n - -1  [___8_8 -~ --1~<--/-.~<1,l 
= ( ) �9 2 l  ;~2 c t  c t  

l 

Taking into account the per iodic i ty  of the express ions  (19), we r ep re sen t  t hem in a more  convenient 

- - c o s - - ~ c t  = 1- -  - -  4k 
~=l (2n--1)2 2l 8 

4k- -  2 ~.~-~--G 4k + 2, 

(19) 
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sin nct -- 1 - -  - -  I - -  4m 
~=, (2~-1)~ 2/ ~ -7- ' 

4 m - - 2 ~  c--~-t - -  l ~ 4m-?  2, 
I 

w h e r e  k,  m a r e  i n t e g e r s .  

T h e n  f o r  t < T we h a v e  f r o m  (13)- (15) ,  (18), a n d  (20) t h a t  

p ( l ,  t) = pCWo I t * - -  4k[, 
T* 

w (0,  t) Wo T* (t* - -  1 -t- It* - -  1 - -  4ml), 

f o r  t > T 
p (l, t) = pCWo T* (It* - -  4hi - - i t *  - -  T* - -  4k1[), 

W o 
(0, t) -=- T* (T* + It* - -  1 - -  4ml - -  It* - -  1 - -  T*--4m~l), 

(20) 

(21) 

(22) 

w h e r e  T *  = c T / / ;  t* = e t / l .  T h e  i n t e g e r s  k i ,  m i a r e  o b v i o u s l y  d e t e r m i n e d  f r o m  the  c o n d i t i o n s  

4kl - -  2 ~ t* - -  T *  ~-~ 4k 1 + 2 ,  ,4m 1 - -  2 ~-~ t* - -  1 - -  T *  ~ 4m 1 + 2 .  (23) 

4 l / c .  

t h a t  

I t  f o l l o w s  f r o m  (13), (14), a n d  (18) t h a t  w i th  t > T ,  t he  f u n c t i o n s  p( l ,  t), w(0, t) h a v e  a p e r i o d  e q u a l  to  

Now,  u s i n g  (21) a n d  (22), we wri t  e x a m i n e  v a r i o u s  c a s e s  of  w a t e r  h a m m e r .  

1. D i r e c t  W a t e r  H a m m e r ,  i . e . ,  T *  -< 2. A n a l y s i s  of  f o r m u l a s  (20)-(23)  l e a d s  to  the  known  c o n c l u s i o n  

max [p (l, t)] ~ 9CWo, max ]w (0, t)l = 2Wo. (24) 

2. I n d i r e c t  W a t e r  H a m m e r ,  i . e . ,  T* > 2. F o r  t *  < T *  we h a v e  f r o m  (20) a n d  ( 2 1 ) t h a t  

max p (l, t) = P c w ~  max It* - -  4k] = 2 Ocw0 
T* T* 

w h i c h  c o i n c i d e s  w i th  M i c h a u d ' s  k n o wn  f o r m u l a  [6]. 

I t  f o l l o w s  f r o m  (20), (22), a n d  (23) t h a t  f o r  t* > T* 

pcw o 2l 

T c 

T h u s ,  f o r  T * >  2 

- - 2  pCWo ~ p ( l ,  t ) ~ 2  pCWo 
T* T* 

max IP (l, t)l = 2 p c w o  pCWo 2l 
T* T c 

F o r  p e r t u r b a t i o n s  of  s p e e d ,  w i t h  t* < T * ,  we h a v e  f r o m  (20)-(23)  t h a t  

w i t h  t* > T* 

C o n s e q u e n t l y ,  f o r  T *  > 2 

T * + I  
max [w (0, t)l <~ - - -  - -  Wo, 

T* 

T* - -  2 T* + 2 
- -  Wo ~< lw (0, t)l ~< - - - -  wo. 

T* T* 

T* -t- 2 
max [w (0, t)I ~< - - - -  Wo. 

T* 

(25) 

(26) 
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For an incompressible ideal liquid (a = 0) we have from (16) and (17) that 

max[~i(0,  t)I = Wo, maxlpi( l ,  t)i T* 

independently of whether the water hammer is direct or indirect. 

It follows from (24)-(27)that with direct water hammer (T* -< 2) 

(27) 

maxlp (l, t)I 

max]pi (/, t)! 

and  with  i n d i r e c t  w a t e r  h a m m e r  (T* > 2) 

- - T * ,  maxlw(0, l)] _ 2, (28) 
max Iw frO, t)l 

T* -~- 2 (29) max IP(I, t)l -- 2, max [c~,(0, t)l ~ . . . . .  ~_ 

maxlpi(/ ,  t)[ maxla' i(0, 0t T* 

Thus ,  the  mode l  of  i n c o m p r e s s i b l e  l iquid i s  i napp l i cab le  f o r  eva lua t ing  the  p r e s s u r e  p e r t u r b a t i o n s  
aktending w a t e r  h a m m e r .  In fac t ,  when T * <  2, m a x  lPi(l, t)I m a y  be l a r g e r  by any f a c t o r  than m a x [ p ( / , t ) ]  , 
and when T * > 2, the  r a t i o  of  t hese  va lues  is  equal  to two independen t ly  of  the t i m e  of  s topping of the flow. 

Since p( l ,  t ) ,  Pi( l ,  t) a r e  the  p e r t u r b a t i o n s  above  the s t e a d y - s t a t e  va lues  of the  p r e s s u r e  P0(l) = P0, the 
p r e s s u r e s  in a c o m p r e s s i b l e  and an i n c o m p r e s s i b l e  l iquid a r e  r e s p e c t i v e l y  equal  to: 

�9 (l, t) (l, 0. p*(l, t ) = p o - - p ( l ,  t), Pi =Po-b-P i 

Then in accordance with (25) and (29) 

max lp*(l, t)[ _ 1 +  1 
maxlp*(l ,  t)l 1 + p~ " (30) 

9Wol 

Formula (30) makes i~ possible to evaluate the applicability of the model of incompressible liquid in the 
calculation of pressures (btlt not perLurbations) in dependence on the permissible error and the parameters of 
the process. 

We note the case T* =4i, i = i, 2 ..... Witht* > T* =4iwe have from (20) and (23) that 4k-2-<t* 
- 4k+2, 4k I-2-<t* -4i-<4k I +2, 4m-2-<t* -I-<4m+2, 4m t-2-<t* -!-4i-<4m t +2axldhencefol- 
lows directly that k t + i = k, m t + i = m and in accordance with (22) that p(/, t) ~ 0, w(0, t) --- - w 0. 

Consequer~tly, with T* = 41, residual oscillations do not originate in the pipe after the valve has been 

closed, and the liquid is at rest. 

NOTATION 

p(x, t), w(x, t), perturbations of pressure and mean flow velocity, respectively, above their steady- 
state values; p, density of the liquid; c, speed of sound; ~ 0, coefficient of hydraulic resistance in the Darcy- 
Weissbach formula; d, pipe diameter; x, running length of the pipe; t, time; w0, mean steady-state flow velo- 
city in the section; T, time of valve closure; s, parameter of the Laplace transform; Pi' wi' perturbations 
of pressure and velocity, respectively, in the flow of an incompressible liquid. 

io 
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